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Various conditions on an automorphism of a C*-algebra are shown to be 
equivalent in the case that the C*-algebra is separable and approximately 
finite-dimensional. In a C*-algebra every derivation of which is determined by a 
multiplier, and such that any hereditary sub-C*-algebra also has this property 
(is this automatic ?), all except the last of these conditions quickly reduce to 
saying that the restriction of the automorphism to some invariant essential 
closed two-sided ideal is determined by a multiplier. 
1. THE INDUCTIVE LIMIT OF THE MULTIPLIER C*-ALGEBRAS OF 
ESSENTIAL CLOSED TWO-SIDED IDEALS OF A C*-ALGEBRA 
Let A be a C*-algebra. By &I(A) we shall mean the C*-algebra 
of multipliers of A, i.e., the largest C*-algebra in which A is con- 
tained as an essential closed two-sided ideal. 
Let I and J be essential closed two-sided ideals of A. Then I n J 
is also essential, since Prim A is a Baire space. Moreover, if I3 J 
then M(I) C M(J). This shows that the family 
where $(A) denotes the set of essential closed two-sided ideals 
of A, ordered by inverse inclusion, is an inductive system. We shall 
denote the inductive limit of (M(I)) by IM”(A). 
G. K. Pedersen has suggested to the author that every derivation of 
M”(A) may be inner. This would generalize the well known results 
of Sakai for W*-algebras and simple C*-algebras ([14], [15]). The 
present paper makes a step towards establishing this property of 
M”(A) in the case that A is separable and approximately finite- 
dimensional. (We recall that a C*-algebra is said to be approximately 
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finite-dimensional if any finite number of elements can be approxi- 
mated arbitrarily closely in norm by elements of a finite-dimensional 
sub-C*-algebra.) The result obtained (see 2.3, 2.4) is then used to 
study certain automorphisms (see 4.2). 
We list some elementary properties of M”(A) that we shall use. 
If I is an essential closed two-sided ideal of A, then M”(A) = M’“(1). 
If (AJ is a family of C*-algebras then M”( @ Ai) = n &?(A,). 
Any derivation or automorphism of A has a unique extension to a 
derivation or automorphism of M”(A). 
2. DERIVATIONS OF SEPARABLE APPROXIMATELY 
FINITE-DIMENSIONAL C*-ALGEBRAS 
2.1. LEMMA. Let A be a separable approximately finite-dimensional 
C*-algebra, let 6 be a derivation of A, and let E > 0. Then there exist 
an essential closed two-sided ideal .I; of A, and a multiplier x, of I, 
such that 
Proof. It is a direct consequence of [IO, l] that there exist a 
nonzero closed two-sided ideal I of A and a multiplier x of I such that 
Hence by Zorn’s lemma the ideal may be chosen to be essential. 
2.2. LEMMA. Let A be a separable approximately Jinite-dimensional 
C*-algebra, let 6 be a derivation of A, and let E > 0. Denote by 6 
also the unique derivation of M”(A) extending 6. Then there exists 
x, E M”(A) such that 
I/ 8 - ad x, II < E) II xc II G 248 II 6 Il. 
Proof. Let 1, and x, E M(I,) be as in 2.1. Then x, E Mm(A) 
and II x, II < 248 II 6 II, and the inequality 116 - ad x, (I < E follows 
from (1 6 / 1, - ad x, 11, /I < E. 
2.3. THEOREM. Let A be a separable approximately jinite-dimen- 
sional C*-algebra. Let S be a derivation of Mm(A). Suppose that S 
is the limit in norm of derivations each of which leaves an essential 
closed two-sided ideal of A invariant. Then 6 is inner. 
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Proof. We may suppose that jj 6 I[ = 1. Choose a derivation 6, 
of M”(A) such that 
and such that 6, leaves an essential closed two-sided ideal II of A 
invariant, Since M”(A) = M”(I,), by 2.2 (with A = II) there 
exists x1 E M”(A) such that 
Then 
II 4 - ad x1 II < 2-2, II XI I/ G 248 II 6, II. 
I\ 6 - ad x1 j( < 2-2 + 2-2 = 2-1, II ~1 II < 248. 
Moreover, 6 - ad x1 satisfies the same hypothesis as 6. 
Choose a derivation 6, of M”(A) such that 
II@ - ad 4 - 6, II d 2-3, II a2 II G II 6 - ad x1 II 
and such that 8s leaves an essential closed two-sided ideal Is of A 
invariant. Since AP’(A) = iIF’( by 2.2 (with A = Is) there 
exists xs E A!?“(A) such that 
Then 
II 6, - ad x2 II < 2-3, II xz II G 248 II 62 II. 
11 S- ad x1 - ad x2 Ij < 2-3 + 2-3 = 2-3, 
/I x1 11 < 248 * 2-O, Ii x2 (I < 248 .2-l. 
Continuing in this way, construct by induction a sequence (x~) 
in M”(A) such that 
11 S- ad iI X, /j < 2-“, j] X, II < 248 * 2-“+r. 
Then I& II x, II < 496, so the series cz=, x, converges. We have 
ad 2 x,=S. 
?l=l 
2.4. COROLLARY. Let A be a separable approximately finite- 
dimensional C*-algebra, and let 6 be a derivation of A. Then the unique 
extension of S to a derivation of M”(A) is inner. 
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2.5. COROLLARY. Let A be a separable approximately Jinite- 
dimensional C*-algebra. Then the space of inner derivations of M”(A) 
is norm-closed. 
3. HEREDITARY SUB-C*-ALGEBRAS OF APPROXIMATELY 
FINITE-DIMENSIONAL C*-ALGEBRAS 
3.1. THEOREM. Let A be an approximately finite-dimensional 
F-algebra, and let B be a hereditary sub-F-algebra of A. Then B 
is approximately $&e-dimensional. 
Proof. The case that B has a unit is [7, l.S(iii)]. 
It is enough to suppose that A is separable, for a finite subset 
of B is contined in a separable approximately finite-dimensional 
sub-C*-algebra of A (see [7, 1.61). 
If A is separable then so is B. Then B has a strictly positive element 
([l, p. 7501). It is enough to show that for every E > 0 and any 
strictly positive element h of B there exists a projection e E B with 
// eh - h // < E. 
For this implies that there exists an approximate unit for B con- 
sisting of projections. (Let h be a strictly positive element of B. 
If x1 ,...) xP E B, then by [l, Theorem l] there exists n = 1, 2,... such 
that )I hi/%x, - x1 11 < c,..., Ij hll”xp - xD jj < E. Since hlln also is 
strictly positive in B, there exists a projection e E B such that 
/) ehlin - hlln /I < E; then I/ exl - x1 I/ < ~(2 + 11 x1 II),..., II ex, - xP jl < 
42 + II xp II).> Th e result for the case that the subalgebra has a unit 
is then applicable. 
We shall prove the assertion of the preceding paragraph for any 
positive element of B. Suppose that 0 < h E B, with [j h jl = 1, 
and fix E > 0. Choose n = n(c) = 1, 2 ,... so that 1 - c2/n < E. 
Choose k = k(E) > 0 in a finite-dimensional sub-C*-algebra of A 
such that 
II h - k II < E! /I h1jn - kl/” // < E, llkll = 1. 
Denote by f = f (e) the spectral projection of k corresponding to 
the interval [E, 11; f belongs to A since Sp k is finite. Then 
11 fk - k 1) < E, and, by the choice of n, /) kllnfklln -f 11 < E. Hence 
by the choice of k, 
llfh - h II < 35 I/ hllnfhlln -f/l < 3~. 
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Since h E B, hllnfhlln < hzin and B is hereditary, hll*fhlln E B. 
Hence by [ll, Lemma 1.61 there exists a projection e E B such that 
where S(p) -+ 0 as /3 --t 0. (Calculation shows that S(p) may be taken 
to be 1 - (1 - 4(f12 + 3fl))1/2, which for small p is less than 6p.) Then 
II eh - h II d II eh - .fh II + llfh - h II < 8(34 + 3~. 
3.2. Remark. In 3.1 suppose that A is separable, so that B has 
a dense locally finite-dimensional sub involutive algebra B, . We 
shall show that B, can be extended to a dense locally finite-dimen- 
sional sub involutive algebra of A. 
Let A, be a dense locally finite-dimensional sub involutive algebra 
of A. Let (en) be an increasing approximate unit for B consisting 
of projections. By forming a convergent product, a unitary u in A” 
(the algebra A with unit adjoined) may be constructed such that 
all tie& are in A, . Set u-lA,u = A, . Then A, n B is a dense 
locally finite-dimensional sub involutive algebra of B. It is known 
that any two such are unitarily equivalent in B-. (In [4] an iso- 
morphism is constructed; a slightly refined construction yields an 
isomorphism determined by a convergent product of unitaries in BS.) 
Choose a unitary v in B” such that v(A, n B) v-l = B, , Set 
VA,+ = A,, . Then A,, n B = B, . 
3.3. COROLLARY. Let A be a C*-algebra, and let I be a closed 
two-sided ideal of A. Suppose that both I and A/I are approximately 
finite-dimensional. Assume that every projection in A/I is the image 
of a projection in A. Then A is approximately jinite-dimensional. 
Proof. We may suppose that A/I is finite-dimensional. By induc- 
tion, we may suppose that A/I is simple. 
If I has a unit then it is a direct summand and the conclusion 
is trivial. We shall reduce the general case to the case that 1 has a unit. 
There exists a simple sub-C*-algebra B of A with image equal 
to A/I. We shall prove this only for the case that A/I has dimension 
22; the higher-dimensional cases are similar. Choose a system of 
matrix units (e&.=i,s for A/I, and choose x in the preimage of e2r . 
It is enough to show that x may be chosen to be a partial isometry 
with support and range projections orthogonal. It is at this point 
that we use the assumption that projections in A/I can be lifted: 
choose a projection p in the preimage of e,, in A. Then, replacing 
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x bY (1 - P) XP> we may suppose that x*x ~pAp, and xx* E 
(1 - P) A(1 - p). Since the image of x*x is e* e 21 21 = e12e21 = ell 9 
we have in fact p - x*x ~pIp. By 3.1, pip is approximately finite- 
dimensional; in particular, there exists a projection q ~pIp such that 
\I( p - X*X)( p - p)I/ < 1. It follows that (p - q) x*x( p - q) is 
invertible in ( p - q) A( p - q), say with inverse y. Then y is positive 
and XJJ~/~ is a partial isometry in A, with image e2r in A/I, and with 
support and range projections orthogonal. 
To reduce the corollary to the case that I has a unit, it will suffice 
to construct an approximate unit for I consisting of projections 
commuting with B. Denote by e the unit of B. By 3.1, both e1e and 
(1 - e)I(l - ) e are approximately finite-dimensional; in particular, 
there exist approximate units (ei) of eIe and (fi) of (1 - e) 1(1 - e) 
consisting of projections. Then (ei + fj) is an approximate unit for I 
consisting of projections, and if ei commutes with B, so does ei + fi . 
Thus, we may suppose that the unit for B is also a unit for A. 
Let e, be a minimal projection of B, denote e,le, by I,, and denote 
I,, + Ceo by I,,*. Then A is isomorphic to the C*-algebra B @I,-, 
in such a way that B corresponds to B @ e0 , and I to B @I,, . By 3.1, 
I,, is approximately finite-dimensional. This shows that there exists 
an approximate unit for I consisting of projections commuting 
with B. 
3.4. Remark. We shall not use 3.3 in this paper. We include 
it partly because it raises a question which seems to be of interest. 
In the quotient of a C*-algebra by an approximately finite-dimen- 
sional closed two-sided ideal, is a projection always the image of a 
projection ? 
In the case that I is elementary, i.e., isomorphic to the algebra 
of compact operators on a Hilbert space, this was shown by Calkin 
([4, Theorem 2.41). From here it is not difficult to pass to the case 
that I is postliminary. Other cases seem to be elusive. 
4. AUTOMORPHISMS OF SEPARABLE APPROXIMATELY FINITE- 
DIMENSIONAL C*-ALGEBRAS INNER IN THE INDUCTIVE LIMIT OF THE 
MULTIPLIER C*-ALGEBRAS OF ESSENTIAL CLOSED TWO-SIDED IDEALS 
4. I. LEMMA. Let A be a separable approximately jinite-dimensional 
C*-algebra. Then the unitary group of M(A) is connected. 
Proof. If A is matroid this is [8, 2.41. The only place in the proof 
of [8, 2.41 where the hypothesis of approximate finite-dimensionality 
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is not manifestly adequate is in the proof of [g, 2.21. Here it is enough 
to know that if two projections are equivalent they are unitarily 
equivalent (in the algebra with unit adjoined). This is known to be 
true in a finite-dimensional C*-algebra. Hence by [l 1, Lemma 1.81 
it is true in an approximately finite-dimensional C*-algebra. 
4.2. THEOREM. Let A be a separable approximately jinite-dimen- 
sional C*-algebra, and let 01 be an automorphism of A. Then the following 
six conditions are equivalent. 
(i) The extension of 01 to M”(A) is inner. 
(i)‘e (Here 0 < E < 2.) The restriction of 01 to some invariant 
essential closed two-sided ideal is within E of an automorphism determined 
by a multiplier. 
(ii) The restriction of 01 to some invariant essential closed 
two-sided ideal is in the connected component of 1. 
(ii)’ The restriction of cy to some invariant essential hereditary 
sub-F-algebra is in the connected component of 1. 
(iii)6 (Here 0 < E < 1.) Th e restriction of (y. to some invariant 
essential hereditary sub-C*-algebra is within E of 1. 
(iii)‘, (Here 0 < c < 1.) The restriction of 01 to some not 
necessarily invariant essential hereditary sub-C*-algebra is within E of 1. 
Proof. We shall prove the implications (i) z- (i)‘c 3 (i), (i) => 
(ii) * (i), and (‘) 1 3 m E (“‘) =E= (iii)‘E a (i) (E < 1). This in particular 
proves the implication (ii) * (iii)r, which is just the same as (ii)’ 3 
(iii)e; hence, using (i) 3 (ii), (iii)E 3 (i) (E < l), and the trivial 
implication (ii) Z- (ii)‘, we have (i) * (ii)’ * (i). 
(i) * (i)‘e. Suppose that the extension of 01 to M”(A) is inner, 
say equal to Ad u with u unitary in M”(A). Then for some invariant 
essential closed two-sided ideal 1 of A there exists U, E M(I) such 
that I/ u - U, I/ < r/2. By [g, 2.31 we may suppose that u, is unitary. 
Then j] Ad u - Ad U, )I < E; it follows from this that, if E < 1, 
a leaves I invariant. (By [4, 3.11 1 is generated by its projections, 
and two projections of A strictly closer in norm than 1 are equivalent 
by [ll, Lemma 1.81 and therefore belong to the same ideals,) 
(i)‘c * (i) (6 < 2). Suppose that for some invariant essential 
closed two-sided ideal I of A there exists a unitary u E M(I) such 
that I( 01 [I- Ad u I I (/ < E. Since Mm(A) = Mm(I), we may suppose, 
changing notation, that I = A. By [12, Theorem 71 there exists a 
derivation 6 of A such that 01 = (exp S)(Ad u). By 2.4, exp 6 extends 
to an inner automorphism of M”(A). Therefore, so also does in. 
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(i) * (ii). This follows from (i) * (i)‘E, 4.1, and the fact ([12, 
Theorem 71) that an automorphism close in norm to 1 is the expo- 
nential of a derivation. 
(ii) 3 (i). This f 11 o ows by 2.4 from the characterization by 
Kadison and Ringrose ([12, Theorem 71) of the connected component 
of 1 in the automorphism group of A as the subgroup generated 
by the exponentials of derivations. 
(i) 3 (iii)E. By (i) * (i)‘c/Z, there exists an invariant essential 
closed two-sided ideal of A the restriction of OL to which is within 
~12 of an automorphism determined by a multiplier. Passing to 
this ideal, we may suppose that it is A itself. 
By Zorn’s lemma, we need only construct B verifying (iii), with 
“essential” replaced by “nonzero.” 
Suppose, then, that u is a unitary multiplier of A such that 
)I a - Ad u / A j/ < 612, i.e., )/ ol(Ad u j A)-l - 1 1) < e/2. Then 
1 Sp cu(Ad u / A)-l - 1 1 < c/2. Denote by U the representation 
H 3 n t-t (ol(Ad u [ A)-l)“. Then by [6,2.3.8], Sp U = Sp a(Ad u ( A)-l, 
so j sp u - 1 ) < E/2. 
We shall follow closely the proof of [6, 2.2.4(c)]. Consider the 
C*-algebra A” @ Mz , where A” is the C*-algebra obtained by 
adjoining a unit to A. Denote by (eii)i,j=1,2 the canonical system 
of matrix units in M, . Denote by v the element 1 @ e,, + u @ es2 
of M(A) @ M, . Since v commutes with 1 @ M, , Ad v leaves 
A” @ M, invariant. Denote by 01” the extension of CY to an auto- 
morphism of A-, and denote by ,L3 the automorphism 
(a” @ l)(Ad v / A” @ II&)-l of A” @ M, . 
Then 
PIAOell=~O1, B I A 0~2 = cx(Ad u 1 A)-l @ 1. 
Denote by V the representation Z 3 n t-+ /3”. Choose g ELM 
such that V(g)(l @ ezl) # 0 and support g^ has diameter <e/4. 
Denote W)(l 0 4 by X; then x = (1 @ es,) x( 1 @ e,,), and by 
[6, 2.1,3(g)], SpV x C support g^. 
Denote by B, the hereditary sub-C*-algebra of A” Q M, generated 
by @(x*x) 1 n E Z}. Then B, C A- @ e,, and B, # 0. Hence there 
exists a nonzero hereditary sub-C*-algebra B of A such that 
Bl n (A Q 4 = B 0 ell . We shall complete the proof by showing 
that //(a - 1) I B I/ < E. 
We may suppose that E < (3)1/2. Then by [3,5.3(a)], iI(a - 1) I B II = 
I SP(~ - 1) I B 1, so it is enough to show that 1 Sp(ol - 1) 1 B ( < 6. 
By [6,2.3.8], th is is equivalent to 1 Sp W - 1 [ < E, where W denotes 
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the representation E 3 n I-+ oin 1 B. By [6,2.1.3(d)], it is enough to show 
thatforeachy~B,~Spwy-l~<~,i.e.,ISpVy@ell-llI~. 
Suppose that 0 # y E B. By the construction of B, there 
exist ?n,?lEZ such that P(X)< y @ en) /P(x*) # 0. Since 
pm(x)( y 0 e,,) P+*) E A 0 e22 and I Sp u - 1 I < 4, 
ISPVIWW @en) B"@*) - 1 I G c/2* 
On the other hand, by [6, 2.1.51, 
SP~@W(Y OeA ~%*)C@PV +Pv~ OeII)@p~ x1-l 
C (support g^)(Sp, y 0 e,,)(support g-)-l. 
We may suppose (using [6, 2.1.3(g)] as above that the diameter of 
SpV y @ e,, is < e/4. From these relations follows the desired relation 
l%yOell- 1 ( < E/2 + E/4 + E/4 = E. 
(iii)E 3 (iii)‘E. This is trivial. 
(iii)‘e 5 (i) (E < 1). S ince M”(I) = M”(A) if 1 is an essential 
invariant closed two-sided ideal of A, and since M”( @1,J = 
l-I Jwk) if m is a maximal family of mutually orthogonal closed 
two-sided ideals of A, it is enough to prove (i) with A replaced 
by some nonzero invariant closed two-sided ideal. Let B be a nonzero 
hereditary sub-C*-algebra of A verifying (iii)‘e. We shall replace A by 
the closed two-sided ideal generated by a nonzero projection e E B 
(see 3.1). 
Since E < 1, and /I al(e) - e/I < E, by [ll, Lemma 1.81 al(e) is 
unitarily equivalent to e in A” (the algebra obtained by adjoining 
a unit to A), and by a unitary close to 1. (In particular, the two- 
sided ideal generated by e is invariant.) Hence, multiplying cy by 
the restriction of an inner automorphism of M”(A) which is close 
to 1, we may suppose that eAe is invariant. Then by [12, Theorem 7] 
there exists a derivation 6 of eAe such that cx / eAe = exp 6. 
By [9, 4.31, there exists an extension of 6 to a derivation 6, of A. 
Set 01 exp(--6,) = 01~ . Then 01~ is equal to 1 on eAe; hence by the 
last part of the proof of [13, 4.11 (or by [9, 4.41, suitably modified for 
automorphisms), 0~~ is determined by a multiplier. In particular, 
01~ extends to an inner automorphism of M”(A). By 2.4, so also does 
exp 6,) and hence also the product 01~ exp 6, , which is 01. 
4.3. Revnarks. The implications (i) => (i)‘E/2 G- (iii), + (iii)‘< 
hold in any C*-algebra. (In the proof of (i) j (i)‘c, we could have 
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considered, instead of projections in the ideal, the unit of the weak* 
closure of the ideal in the bidual.) 
The implication (i)‘E/2 =- (iii)‘, may be proved more directly. 
(It is enough to consider an automorphism determined by a unitary 
multiplier U. Choose h E Sp u. Denote by B the norm closure of 
the set of f(u) Ag(u) where f and g are continuous complex-valued 
functions on Sp u with support contained within ~14 of A. Then B 
is a nonzero hereditary sub-C*-algebra of A, invariant under Ad u, 
and for all x E B, /j ux - Ax j[ < (~~‘2) (1x [j; hence [[(Ad u - I) ( B Ij < 
E/2 + E/2 = c.) 
Another condition that it would seem natural to consider is that 
the extension of 01 to M”(A) be in the connected component of I. 
This is clearly implied by 4.2(ii), and by [12, Theorem 71 would 
in turn imply 4.2(i), if it were known that every derivation of M”(A) 
is inner. 
REFERENCES 
1. J. F. AARNFS AND R. V. KADISON, Pure states and approximate identities, Proc. 
Amer. Math. Sot. 21 (1969), 749-752. 
2. C. A. AKEMANN, G. A. ELLIOTT, G. K. PEDERSEN, AND J. TOMIYAMA, Derivations 
and multipliers of C*-algebras, Amer. J. M&h. 98 (1976), to appear. 
3. H. J. BORCHERS, Characterization of inner *-automorphisms of W*-algebras, 
Publ. Res. Inst. Math. Sci. 10 (1974), 1 l-49. 
4. 0. BRATTELI, Inductive limits of finite dimensional C*-algebras, Trans. Amer. 
Math. Sot. 171 (1972), 195-234. 
5. J. W. CALKIN, Two-sided ideals and congruences in the ring of bounded operators 
in Hilbert space, Ann. of Math. 42 (1941), 839-873. 
6. A. CONNES, Une classification des facteurs de type III, Ann. Sci. &oZe Norm. Sup. 
6 (1973), 133-252. 
7. J. DIXMIW, On some C*-algebras considered by Glimm, J. Functiona Analysis 
1 (1967), 182-203. 
8. G. A. ELLIOTT, Derivations of matroid C*-algebras, II, Ann. of Math. 100 (1974), 
407-422. 
9. G. A. ELLIOTT, On lifting and extending derivations of approximately finite- 
dimensional C*-algebras, J. Functional Analysis 17 (1974), 395-408. 
10. G. A. ELLIOTT, Derivations determined by multipliers on ideals of a C*-algebra, 
Pd. Res. Inst. Math. Sci. 10 (1975), 721-728. 
11. J. G. GLIMM, On a certain class of operator algebras, Trans. Am. Math. SOC. 95 
(1960), 318-340. 
12. R. V. KADISON AND J. R. RINGROSE, Derivations and automorphisms of operator 
algebras, Comm. Math. Phys. 4 (1967), 32-63. 
13. D. OLESEN, Inner *-automorphisms of simple C*-algebras, Comm. Math. Phys. 
44 (1975), 175-190. 
14. S. SKI, Derivations of W*-algebras, Ann. of Math. 83 (1966), 287-293. 
15. S. %&%I, Derivations of simple C*-algebras, II, Bull. SOC. Math. France 99 
(1971), 259-263. 
